Introduction.
In this paper we generalize to Riemann surfaces the factorization theory for functions in the Hardy classes, Hp, on the unit disk.
Let R be a region on a Riemann surface with boundary T consisting of a finite number of simple closed analytic curves such that RVJT is compact and R lies on one side of T. For 1 ¿p < <x> HP(R) is the class of functions F analytic on R such that | P|p has a harmonic majorant. HX(R) is the class of bounded analytic functions on R. The above classes are the usual generalizations of the Hardy classes on the disk (cf. [4] , [S] , and [6] ). However, to obtain a factorization of these functions which closely parallels the factorization on the disk we are led to more general classes of functions. To this end, we say that a (multiple-valued) analytic function F on R is multiplicative if | P| is single-valued and define MHP(R), l¿p<<x>, to be the class of multiplicative analytic functions Fon R such that | P|p has a harmonic majorant. Also, we define MHX'(R) to be the class of bounded multiplicative functions on R.
Let dp be the harmonic measure on T with respect to some fixed point toQR. If FQMHP then | p| has nontangential boundary values |p*| a.e. [dp] on T. Moreover, |F*|£L»(r, dp) and log|P*| £L1(r, dp) if F^O. These facts follow easily from the corresponding results on the disk. (Cf. [10, p. 496 Since Hp(R)QMHp(R), this theorem subsumes a factorization of functions in HP(R). However, the factors of a single-valued function in HP(R) need not be single-valued.
Theorem 1 is stated in terms of the moduli of functions since there is no natural way to define the product of multiplicative functions; that is, the product would depend on the branches chosen.
In our proof we shall make use of the factorization on the disk. A convenient reference for this is [3] .
It should be remarked that results related to ours are in [7] for R an annulus and in [2] for the general case. Let A be the fundamental domain of Q and E the union of the free sides of A; that is, E = AT\{ \z\ =1}. Then the harmonic measure dp corresponds to the measure dm(9) = L[y Izii^lllji .) It remains to show that B is a Blaschke product and Fi is an outer function. We shall consider Fi first. Since dm(6) corresponds to dp, it follows that ( log\Fi*\du= f Iog|/f|d«(9). To complete the proof we show that if F is not an outer function then (*) is not satisfied. Let Fi be an outer factor of F. Then | F\ < | Fi\ on R and \F\ =\Fi\ a.e. on dR. We have shown that Fx satisfies (*). Thus (*) does not hold for F.
